Abstract. Polarization response including ergodicity breaking and the divergence of relaxation time is reproduced for model Hamiltonians of growing complexity. Systematic derivation of the dynamical equations and its solutions is based on the Fokker-Planck and imaginary time Schrödinger equation techniques with subsequent symplectic integration. Test solutions are addressed to finite size and spatially extended problems with microscopically interpretation of the model parameters as a challenge.
Introduction
Remnant polarization and its switching under the driving field is a striking property of ferroelectrics which dominate in numerous applications. The kernel of this phenomenon is ergodicity breaking that appears below the critical temperature and spontaneously acquires polarization in some random direction as formally explained by thermodynamic theory. However, there are many experimental inputs going beyond the thermodynamic equilibrium and the questions that naturally emerge are what determine the temporal behavior of the system and whether it's intrinsic structure can be favored by some physical principles. The answer requires solution of a statistical problem and the quantity of fundamental interest is the time propagation of the probability density of order parameter. Most recent developments in mathematical technique make such solutions available for a rich scope of physical models accounting for interactions, impact of thermal noise, arbitrary driving and size effects [1] [2] [3] . An associated and highly motivated topic specific for ferroelectrics is the physical model reproducing critical phenomena [4] . Study of this joint computational and physical problem is the main concern of this work. It includes definitions (Sect.2), spatially extended solutions (Sect.3) and conclusions (Sect.4) .Details is presented in [5] .
Kinetics of polarization response
is governed by the Fokker-Planck equation for probability density of polarization ) ,
Its physical content emerges from the Ginzburg-Landau type model Hamiltonian comprising polarization, spatial gradient of polarization ( ) 2 P ∇ , strain and the impact of time dependent external field ) (t λ . Major terms of this energy functional (in dimensionless representation) read as ( ) and reasonable assumptions about the noise strength. Customary, for mathematical convenience, the noise term is neglected addressing the problems to time-dependent Ginzburg-Landau (TDGL) approach [7, 8] valid for thermodynamic calculations. If the noise comes in game the ergodicity breaking occur only in the infinite-volume limit whereas in a finite volume there is always a unique zero polarization, a uniform superposition of opposite sign polarization states, unless a driving field is applied [9, 10] . Between models that have been constructed to reproduce ergodicity breaking and divergence of relaxation time the model of coupled anharmonic oscillators [4] receives attention. This description requires that it is possible to divide the spatial domain in a large number of cells in such a way that each cell is small enough for all the oscillators in the cell can be assumed to possess the same characteristics of the cell. A set of Langevin equations for the polarization ) (t P for this case of global coupling reads as ( )
It is easy to show that the polarization response is given by solution of relevant Fokker-Planck equation. In more detail the mathematical technique includes mapping with imaginary time Schrödinger equation and subsequent symplectic integration [5] . An illustrative solution that yields the polarization response on sow tooth shaped variable length pulse is demonstrated in Fig.1 . There the initial state is specified by positive remnant polarization 
Spatially extended polarization response
For the model of globally coupled anharmonic oscillators the relations for polarization kinetics can be derived exactly. However, one is more interested in solutions reproducing the spatial dependence of polarization field. For that reason the model of first neighbors coupling is introduced as a sufficient approach. This approach assumes that the system consists of finite number of (microscopically large) interacting blocks modeled by an energy functional, for example, of the Ginzburg-Landay -type
. Going around the microscopic interpretation of the strength of interaction and the correlation length, the model Hamiltonian can be written ( )
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Advanced Materials Forum III and the set of Fokker-Planck equations for probability distribution is given by [5] (6)
Here the expectation values k P are unknown quantities that are evaluated selfconsistently and the initial condition is given by the stationary solution of Eq. (18) (7) Here C is normalization constant. For illustration purpose we confine attention on 1-d Dirichlet problem for two 180 0 domains defined at starting values 1 ) ( Nonstationary solution of Eq.(6) can be given in terms of imaginary time Schrödinger equation for auxiliary function so addressing the problem to symplectic integration well developed for pure quantum problems [3] . The tricky part concerns guest function approach managing both with the nonlinearity and the multivariate nature of the probability distribution. A topic of substantional interest is to model switching of the initial couple of 0 180 domains Fig.2 Fig.2 (assigned as ) 0 ( P ) is shown in Fig.3 . As one can see for 26 = t and 33 = t time instants exposed in Fig.3 , the initial stage of polarization switching is coordinate specific, namely, the deviation ) 0 ( ) ( P t P − being negative for any spatial coordinate is initiated in vicinity of domain wall and the interfaces in accord with recent estimates [12] . 
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Discussion and conclusions Critical dynamics of polarization is reproduced making use of the model of coupled anharmonic oscillators and the symplectic integration based mathematical technique. Both the global and first neighbors coupling approaches have developed. The first approach is addressed to a medium for which each lattice site is connected to all others with the same coupling strength. It yields mutual effect of the coupling and the thermal noise, reproduces ordered phase, the ergodicity breaking and, in the last case, the pulse-length specific polarization switching. The second approach is addressed to the coupled blocks located at the sites of a lattice with nearest neighbor's interaction. It yields a generalization of usual thermodynamics for spatially inhomogeneous situations, where the order parameter becomes a coordinate dependent polarization field if smoothed over the blocks. Test calculations concern the stationary domain patterns as well as the effect of driving field initiated domain switching. Restrictions customary made for mathematical convenience can be substantionally relaxed as advancement. An example is the fairly well matching between the first principle clamped-strain static hysteresis plot for 3 PbTiO [13] and the polarization response on periodic source [5] derived at sufficient parameters of the model, namely, diffusion coefficient, kinetic coefficient, and the thermal noise strength. However, the microscopic interpretation of these coefficients is a challenge that can not be given within this approach. Concluding, it should be noted that many results presented in this paper, are very recent and need to be completed, and their domains of applicability tested. Also it is plausible that the actual behavior is more complex in presence of technological restrictions and the details of intrinsic fields that have not been addressed at all in this paper although they are presumably essential ingredients to complete understanding of the kinetics of polarization.
